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Abstract An adaptive spectrum estimation method for nonstationary EEG by means of time-varying
autoregressive moving average modeling is presented. The time-varying parameter estimation problem is
solved by Kalman filtering along with a fixed-interval smoothing procedure. Kalman filter is an optimal
filter in the mean square sense and it is a generalization of other adaptive filters such as recursive
least squares (RLS) or least mean square (LMS). Furthermore, by using the smoother the unavoidable
tracking lag of adaptive filters can be avoided. Due to the properties of Kalman filter and benefits
of the smoothing the time-frequency resolution of the presented Kalman smoother spectra is extremely
high. The presented approach is applied to estimation of event-related synchronization/desynchronization
(ERS/ERD) dynamics of occipital alpha rhythm measured from three healthy subjects. With the Kalman
smoother approach detailed spectral information can be extracted from single ERS/ERD samples.
Kalman filter, smoothing, spectrogram, event-related synchronization (ERS), event-related desynchronization (ERD), alpha rhythm
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Introduction

The electroencephalogram (EEG) recording is a useful tool for studying the functional state of the
brain and for diagnosing certain neurophysiological states and disorders. EEG signals are often
quantified based on their frequency-domain characteristics. Typically the spectrum is estimated
using the fast Fourier transform (FFT). A fundamental requirement in the FFT-based spectral
analysis is the stationarity of the analyzed signal. In [1] it was suggested that EEG epochs shorter
than 12 seconds may be considered stationary. However, it is well known that EEG can exhibit
considerable short-term nonstationarities. In such situations, time-frequency representation (TFR)
methods are required.
A time-frequency representation describes the energy density of the signal simultaneously in
time and frequency. A traditional TFR method is the moving window Fourier transform which is
also known as spectrogram. In this method the signal is implicitly assumed to be stationary within
each windowed segment and the selection of the length of this window is followed by a trade-off
between time and frequency resolutions. Another popular TFR method is the Wavelet transform
in which the window width is inversely proportional to the frequency resulting in improved time
resolution at high frequencies and frequency resolution at low frequencies. In addition to these two
linear TFRs various quadratic TFRs such as the Wigner distribution and its numerous smoothed
versions have been proposed. For good tutorials on time-frequency representations see e.g. [2, 3, 4].
Time-frequency representations have various applications in the field of EEG analysis. One of
the most common applications is the analysis of event-related EEG synchronization (ERS) and
desynchronization (ERD) [5, 6, 7, 8]. The terms ERS and ERD usually refer to stimulus-induced
changes in EEG amplitude or power within certain frequency band rather than synchrony. This
is also the case in this paper and, therefore, the present study should not be confused to studies
of EEG synchrony such as [9]. Furthermore, the ERS/ERD changes are time but not phaselocked to the entailed event, and cannot, therefore, be extracted by simple linear methods such
as averaging, but may be detected by frequency analysis [10]. Traditionally the ERD or ERS in
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a specified frequency band is quantified by bandpass filtering, squaring of samples, and averaging
over trials [11]. A drawback of this approach is the rather low frequency resolution. Furthermore,
the selection of the band limits can be problematic, even though, the limits are nowadays usually
adjusted individually based on some specific frequency. For a review on ERD estimation methods
see e.g. [12]. TFR methods have also been used in the inspection of the frequency content of
event-related brain potentials [13, 14], quantification of epileptic seizure dynamics [15, 16, 17, 18],
and analysis of newborn EEG seizure events [19, 20].
Nowadays, one of the most popular TFR methods used in EEG analysis, and in biomedical
applications in general, is the Wavelet transform [21, 22]. This method, however, suffers from
the same kind of trade-off between time and frequency resolutions as the traditional spectrogram
method. An improved time-frequency resolution can be obtained by using parametric spectral
analysis methods based on time-varying linear models. A common approach is to use a timevarying autoregressive moving average (ARMA) model. The frequency resolution of parametric
methods is superior because of the implicit extrapolation of the autocorrelation sequence [23].
For the same reason the leakage effect of the classical spectral estimators, depending on the used
windowing function, is suppressed.
The main task in parametric modeling is the estimation of the time-varying model parameters.
For this, adaptive algorithms such as Kalman filter, least mean square (LMS), and recursive least
squares (RLS) have been adopted. The Kalman filter which was originally introduced in [24, 25]
is an optimal estimator for time-varying parameters in mean square sense and is based on so
called state-space formalism. Kalman filter has been previously used in EEG analysis in e.g.
[26, 27, 28, 29]. A good overview on the analysis of nonstationary EEG with parametric models
can be found in e.g. [30, 31]
A drawback of the Kalman filter, as of all other adaptive algorithms, is the tracking lag present
in the estimated parameters. This is especially disadvantageous when the aim is to estimate
accurately some abrupt (perhaps event-related) changes of EEG. However, the tracking lag can
be avoided by using the so-called smoother algorithm with the Kalman filter. A smoother is an
estimator which utilizes the future measurements in addition to the past ones when computing the
estimates at a given time point. Three different types of smoothers, namely fixed-point, fixed-lag,
and fixed-interval smoothers, have been proposed e.g. in [32, 33], from which an appropriate one
can be selected. An estimator including the Kalman filter along with a smoother is called Kalman
smoother.
In this paper we present a Kalman smoother approach, utilizing the fixed-interval smoother,
for estimating time-frequency structures of nonstationary EEG signals. The tracking ability of
the presented approach is tested with simulations and the advantages against commonly used
adaptive filters are pointed out by comparing Kalman smoother with the popular forgetting
factor RLS algorithm. As a specific application Kalman smoother is applied to quantification
of ERS/ERD dynamics of occipital alpha rhythm. With the presented approach detailed timefrequency representations for single ERS/ERD samples can be extracted. Even short-term changes
such as the so-called “squeak” effect of alpha rhythm [34] can be observed from single ERS sample
spectrum estimates. The term “squeak” is used for the phenomenon of alpha rhythm where the
ERS after eye closure starts up at higher frequency and directly begins to shift to lower frequencies.
By using the classical spectrogram method such short-term changes can not be observed without
averaging several consecutive trials due to poor resolution.

2

Methods

In dynamic parametric spectral estimation the measured signal is modeled as an output of a
parametric model with time-varying parameters. Model parameters can be estimated with a
number of adaptive algorithms such as the Kalman filter which is based on state-space formalism.
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Figure 1: Structure of the state-space signal model.

2.1

State-space formulation

Here we use a time-varying autoregressive moving average model for the signal. The time-varying
ARMA(p,q) model for signal z at time instant t can be written in the form
zt = −
(j)

p
X

(j)
at zt−j

+

j=1

q
X

(k)

bt et−k + et

(1)

k=1

(k)

where at and bt are the time-varying AR and MA parameters at time instant t. Constants p
and q are the corresponding model orders of AR and MA parts and et is the observation error. By
denoting
θt

=

ϕt

=



(p)

(1)

(1)

(q)

−at , . . . , −at , bt , . . . , bt

(zt−1 , . . . , zt−p , et−1 , . . . , et−q )

T

T

(2)
(3)

the time-varying ARMA model can be written in the form
zt = ϕTt θt + et .

(4)

This is formally a linear observation model with ϕTt being the regression vector and et the
observation error. Note that the sequence et in the regression vector is not measured unlike
zt , but it has to be estimated together with other parameters.
In the state-space formalism the model parameters θt are also called as states. The variation
of the state when no a priori information is available is typically described with the random walk
model [35]. Thus, we write a state equation
θt+1 = θt + wt

(5)

for the parameters. Equations (4) and (5) form a reduced structure of the general state-space
equations with the input noise wt . The structure of the signal model is presented in Fig. 1. The
task is now to find, in some sense, optimal solution for the time-varying parameters θ t according
to the above state-space equations.
2.2

Kalman filtering

Kalman filter is a tool for estimating the sequence of states of the dynamical system in recursive
manner. The formulation of the Kalman filter is described in terms of the state-space concepts.
The Kalman filtering problem is to find the minimum mean square estimator θ̂t for state θt given
the observations z1 , . . . , zt . In e.g. [36] this has been shown to be equal to conditional expectation
θ̂t = E {θt |z1 , . . . , zt } .

(6)

The state and measurement noises wt and et are here assumed to be uncorrelated, zero mean,
2
I and Cet = σe2 respectively.
Gaussian white noise processes with covariances Cwt = σw
Furthermore, the initial state θ0 is assumed to be a Gaussian random variable with finite variance
and uncorrelated with wt and et .
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Table I: Kalman gain vectors Kt and covariance estimates Pt for Kalman filter (KF), RLS,
and LMS algorithms
Kt
KF
RLS

ϕTt Pt−1 ϕt

Pt−1 ϕt

−1

+ C et
−1
+λ

ϕTt Pt−1 ϕt

Pt−1 ϕt

LMS

µϕt

Pt

I−
Pt−1 + Cwt

−1
λ
I − Kt ϕTt Pt−1
−1
µ I − µϕt+1 ϕTt+1
Kt ϕTt

By following the notations used in [37] and [38] the Kalman filter equations can be written in
the form
θ̂t|t−1
Cθ̃t|t−1

=
=

t

=

θ̂t−1
Cθ̃t−1 + Cwt−1
−1

Cθ̃t|t−1 ϕt ϕTt Cθ̃t|t−1 ϕt + Cet

I − Kt ϕTt Cθ̃t|t−1

Kt

=

Cθ̃t

=

θ̂t

=

θ̂t|t−1 + Kt t

zt −

(7)
(8)
(9)
(10)

ϕTt θ̂t|t−1

(11)
(12)

where θ̂t|t−1 is the mean square estimate for state θt given the observations z1 , . . . , zt−1 , θ̃t is the
state estimation error θ̃t = θt − θ̂t , and Kt is the Kalman gain vector adjusting the state estimate
after each new observation. Note that the unknown observation noise e t is here estimated with the
prediction error process t in every step of the iteration. The adaptation of the filter is primarily
affected by Cwt [39].
If we insert (7) and (8) into equations (9)–(12) and denote Pt = Cθ̃t + Cwt the Kalman filter
recursion can be written in the form
θ̂t
t

=

θ̂t−1 + Kt t

(13)

=

ϕTt θ̂t−1

(14)

zt −

where the Kalman gain vector Kt and the recursive estimate Pt for the covariance Cθ̃t + Cwt are
Kt

=

Pt

=

Pt−1 ϕt
ϕTt Pt−1 ϕt + Cet

I − Kt ϕTt Pt−1 + Cwt .

(15)
(16)

It turns out that several popular adaptive algorithms can be written in the form (13)–(14) with
different choices of Kt and Pt . For a detailed description of the relations between RLS and Kalman
filter see e.g. [40, 41, 37, 31]. The relations between LMS and Kalman filter have been presented
in [37]. The choices of Kt and Pt for Kalman filter, RLS, and LMS are summarized in Table I,
where λ is the forgetting factor of the RLS (typically 0.9 ≤ λ ≤ 1) and µ is the step size of the
LMS.
2.3

Fixed-interval smoothing

In the Kalman filtering algorithm the state estimate is updated immediately after a new observation
is available. However, this kind of processing is not always necessary. Instead, if a small lag in
the processing is allowed or if the measured data is not processed in real time also the future
observations can be used in the state estimation. In this case it is reasonable to expect the estimates
to be more accurate. Such an estimator, which uses observations z1 , . . . , zt+N to estimate the state
θt at time instant t, is called a smoother. One such smoother is the fixed-interval smoother.
4

The fixed-interval smoothing problem is to find the minimum mean square estimator θ̂t for each
state θt (t = 1, . . . , T ) given the observations z1 , . . . , zT . The smoothed estimate is here denoted as
θ̂t|T . As previously, the fixed-interval smoothing problem is equal to the conditional expectation
θ̂t|T = E {θt |z1 , . . . , zT }

(17)

for fixed T and for all t in the interval 1 ≤ t ≤ T . The solution for this can be written in the form
[32, 33]


(18)
θ̂t−1|T = θ̂t−1 + At−1 θ̂t|T − θ̂t|t−1
At−1

=

Cθ̃t−1 Cθ̃−1

t|t−1

(19)

where At−1 includes the error covariances stored in the forward run of Kalman filter. Also the
state estimates θ̂t and θ̂t|t−1 need to be stored. The smoothed estimates θ̂t−1|T are then obtained
by running the stored estimates backwards in time by taking t = T, T − 1, . . . , 2. The initialization
is evidently with the filtered estimate, that is θ̂T |T = θ̂T .
The fixed-interval smoother is clearly suitable only for off-line processing since the whole
measurement set z1 , . . . , zT is required in the estimation of each state θt in the interval t = 1, . . . , T .
For on-line processing where a small delay between receiving the observation and calculating the
corresponding state estimate is allowed the fixed-lag smoother can be used [32, 33].
2.4

Spectral estimation

Once the time-varying coefficients of the ARMA(p,q) model (1) are solved the time-varying power
spectrum density (PSD) estimate can be obtained in terms of the estimated ARMA coefficients
Pt (f ) = σ2 (t)/fs

|1 +

|1 +

Pq

(k) −i2πkf /fs 2
|
k=1 bt e
Pp
(j) −i2πjf /fs 2
|
j=1 at e

(20)

where σ2 (t) is the prediction error variance and fs is the sampling frequency. The PSD estimate
can be calculated for each time instant after the adaptive algorithm, used to estimate the timevarying parameters, converges. However, it is not always desirable to calculate the PSD estimate
for each time instant, but only within some short time intervals. This can be obtained by averaging
the estimated ARMA parameters with a moving window. It is also notable that equation (20) is a
continuous function of frequency f and can therefore be evaluated at any desired frequencies from
0 up to the Nyquist frequency fs /2, even though this does not improve the frequency resolution of
the spectrum infinitely.
2.5

EEG recordings

Event-related synchronization and desynchronization (ERS/ERD) of occipital alpha rhythm was
studied from three healthy subjects. In the test procedure subjects closed and opened their eyes in
accordance with auditory stimuli at 15 second interstimulus intervals. During the test procedure a
total of 19 ERS/ERD samples were obtained for each subject. As a recording device a NeuroScan
system (NeuroSoft Inc., Sterling, VA) with the international 10-20 electrode coupling was used.
The sampling frequency of the device was 256 Hz. The ERS/ERD for visual stimulation is best
seen in the posterior and occipital regions of the brain. Therefore, the occipital O2 channel was
selected for the analysis. The sampling frequency of the selected channel was reduced after lowpass
filtering to 64 Hz.

3
3.1

Results
Simulations

The evaluation of performance and estimation accuracy of proposed adaptive algorithm used to
model some nonstationary signals is often problematic. The competence of the algorithm, in such
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Figure 2: AR(2) process estimation with Kalman smoother and RLS algorithms. (a) The
root evolution and a typical realization. (b) Optimization of the state noise covariance
2
coefficient (σw
= 0.001) of the Kalman filter and of the forgetting factor (λ = 0.935) of the
RLS algorithm. (c) Estimates of the root modulus and frequency: true values ( ), Kalman
smoother estimates ( ), and RLS estimates with λ = 0.935 ( ) and λ = 0.98 ( ).

cases, can be evaluated with simulations. In this paper we conducted two different simulations to
test the tracking ability of Kalman smoother. In both simulations Kalman smoother was compared
to the popular forgetting factor RLS algorithm.
In the first simulation a smoothly varying AR(2) process was generated. The trace of the
simulated AR(2) model root and typical realization are presented in Fig. 2 (a). The parameters
2
controlling the adaptation (i.e. the state noise covariance coefficient σ w
of Kalman smoother and
forgetting factor λ of RLS) were selected to minimize the estimation error of AR coefficients [Fig.
2
2 (b)]. Optimal values for the parameters were σw
= 0.001 and λ = 0.935 and the error for the
Kalman smoother was 52 % smaller than for RLS. Obtained estimates for the root modulus and
frequency are presented in Fig. 2 (c). The other RLS estimate was calculated with a substantially
larger forgetting factor λ = 0.98. It is clearly seen that by increasing λ more stable RLS estimates
are obtained but, as a downside, the tracking lag is increased. The tracking accuracy of the Kalman
smoother is, however, clearly better than either of the RLS estimates. Unfortunately, not much
can be said about the applicability of the Kalman smoother on tracking of nonstationary EEG
based on this simple simulation.
In the second simulation an EEG transition from desynchronized to synchronized state was
modeled. The used approach is presented in detail in [42], and is, therefore, described here only
briefly. For other approaches to simulate nonstationary EEG see e.g. [43, 44]. Occipital EEG
recorded with the eyes closed shows high intensity in the alpha frequency band, classically defined
as 8–13 Hz band [45]. By opening the eyes this intensity is decreased or even blocked. It can be
thought that EEG exhibits a transition from one stationary state to another. Such a transition was
here simulated by modeling both stationary states as an fifth-order AR process. The roots of the
models were estimated from real EEG measured during an eyes open/closed test. The obtained
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Figure 3: A realistic simulation of an EEG transition as an AR(5) process. (a) The roots
and the corresponding spectra before ( ) and after ( ) the transition (eyes open → eyes
closed). Numbers 1, 2, and 3 indicate the analogy of the roots and spectral peaks. (b) A
typical realization of the smoothed transition. (c) Averaged estimates over 100 realizations
of the modulus and frequency of the root 2 corresponding to alpha rhythm: true values ( ),
2
Kalman smoother estimates ( ) with σw
= 0.0003, and RLS estimates with λ = 0.9 ( )
and λ = 0.98 ( ).

roots for both states and the corresponding power spectrums are presented in Fig. 3 (a). The
strong peak near 0.37π in the eyes closed state spectrum is due to the increased alpha rhythm.
In order to make the simulation more realistic the abrupt transition between the two stationary
states was smoothed as described in [42]. In the smoothing procedure the time-varying AR
coefficients having an abrupt transition at one point are presented as linear combinations of some
shifted smooth basis functions. Here we have used shifted Gaussian functions. As well as the AR
coefficients, also the prediction error variance evolution was smoothed.
A typical realization of the simulated ERD/ERS transition is presented in Fig. 3 (b). The
simulated process was then estimated with Kalman smoother and RLS algorithms by using a
fifth-order AR model. Estimates were calculated for 100 realizations and the statistics of the
obtained results are presented in Table II. The bias of the averaged AR coefficient estimates and
the standard deviations of single estimates are presented in the top five rows. A smaller bias for
the Kalman smoother estimates is observed for the 2nd and 5th coefficient. These are the two
AR coefficients for which the simulated transition effects the most. The estimates for the root
corresponding to alpha rhythm were then calculated from the averaged AR coefficient estimates.
Obtained estimates of the modulus and frequency of the root are presented in Fig. 3 (c). Biases
7

Table II: Statistics of different estimators for the simulated AR(5) processes. The bias and
(1)
(5)
standard deviation of the estimated AR coefficients ât , . . . , ât and the bias of the modulus
α
| · | and frequency ]· of the root ξt corresponding to alpha rhythm for RLS and Kalman
smoother (KS) estimators. The root ξtα was obtained from averaged AR coefficients

(1)

ât

RLS

RLS

KS

(λ = 0.9)

(λ = 0.98)

2
= 3·10−4 )
(σw

Bias±STD

Bias±STD

Bias±STD

0.063±0.079

0.036±0.061

0.130±0.074

(2)

0.116±0.108

0.156±0.081

0.097±0.089

(3)

0.108±0.127

0.039±0.077

0.182±0.111

ât
ât
ât

(4)

0.083±0.163

0.040±0.109

0.110±0.168

(5)
ât

0.239±0.152

0.302±0.122

0.165±0.137

|ξtα |

0.073

0.126

0.030

0.040

0.057

0.010

]ξtα

of the estimates are presented in bottom of Table II. RLS estimates were again calculated with
two different forgetting factor values (λ = 0.9 and λ = 0.98) in order to demonstrate the trade-off
between the tracking lag and stability of the estimates. From the RLS estimates it is observed
that the tracking lag can not be entirely avoided even though quite small forgetting factor value
is used. The Kalman smoother, on the other hand, can estimate the change very accurately.
3.2

Tracking of ERS/ERD transition dynamics

In order to demonstrate the tracking ability of the Kalman smoother on real EEG data we first
compared the spectral dynamics calculated with different methods for a typical ERS sample. The
selected sample is presented in the top of Fig. 4. Time-varying spectrum estimates obtained
with Kalman smoother, RLS, LMS, and spectrogram are presented below the ERS sample.
An ARMA(6,2) model was used with the adaptive algorithms. The parameters adjusting the
adaptation of each method were selected to the best of our ability based on visual inspection. The
2
state noise covariance coefficient of Kalman smoother was set to σw
= 0.0003 and the forgetting
factor of RLS to λ = 0.94. The step size of LMS was adjusted adaptively to be smaller than the
reciprocal of the input power. In the spectrogram a 1-second time-window corresponding to 1 Hz
frequency resolution was used.
Time instant 0 in Fig. 4 corresponds to the stimulus occurrence instructing the subject to close
the eyes. Shortly, after the eyes are closed, a substantial increase in alpha band power is observed
in all spectra. The poor resolution of the classical spectrogram is evident when compared to the
three parametric methods. The main drawback of RLS and LMS is the unavoidable tracking lag
clearly seen in both spectra. The observed time-frequency resolution of the Kalman smoother is,
on the other hand, extremely high. Even the short-term changes in alpha rhythm, e.g. the interval
approximately from 4.3 to 4.7 seconds with decreased power in alpha frequency band, are detected
reliably. Furthermore, the alpha rhythm seems to start at higher frequency and shifts to lower
frequencies within few seconds. This is the so-called “squeak” phenomenon of alpha rhythm and
can not be seen from the spectrogram for single trial due to poor resolution.
The ERS/ERD dynamics of all measured EEG samples were then estimated with the Kalman
smoother approach. The results are presented in Figs. 5 and 6. Each analyzed subject had different
characteristic patterns of alpha rhythms. Typical ERS/ERD sample and the corresponding Kalman
smoother spectrum for each subject is presented in Fig. 5. For subject 1 the power of alpha
rhythm is quite non-attenuating for the whole eyes closed period while for subject 3 the alpha
power attenuates within few seconds after eye closure. For subject 2, on the other hand, a slowly
starting increase of alpha power seems to be characteristic. The frequency band limits for alpha
rhythm in Fig. 5 were adjusted based on the individual center frequencies. The center frequency
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Figure 4: Time-varying spectral estimation of event-related synchronization dynamics of
EEG alpha rhythm. The measured EEG from channel O2 is presented on the top of the
figure and spectrum estimates with Kalman smoother, RLS, LMS, and spectrogram methods
underneath it.

was determined as the mean peak frequency of the spectrum during eye closure. Obtained center
frequencies were 12.06, 11.69, and 10.69 Hz for subjects 1, 2, and 3 respectively. The band width
was set to 8 Hz.
The average ERS/ERD dynamics for each subject was then evaluated by extracting the timevariation of the center frequency and power of alpha rhythm from the Kalman smoother spectra.
The center frequency was defined as the frequency bisecting the power in alpha band. The power
within alpha band was obtained by simply integrating the spectrum over the alpha band. Average
center frequencies and band powers over the 19 consecutive ERS/ERD samples for each subject
are presented in Fig. 6 along with estimated trends and 50 % confidence intervals. The trend was
estimated with a smoothness priors based approach presented in [46].
A common trend in the center frequency of alpha rhythm is observed among the subjects.
Shortly after the eye closure center frequency reaches its maximum and then starts to decrease.
After a while the frequency seems to reach a constant level which can be thought of as the individual
characteristic alpha rhythm frequency. The power of alpha rhythm, on the other hand, increases
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Figure 5: Typical ERS/ERD samples for the three selected test subjects and the
corresponding time-varying Kalman smoother spectra. Stimulus occurrence times (0 and 15
seconds) instructing subjects to close and open their eyes are marked on the top. Individually
adjusted alpha frequency bands are marked with horizontal lines on top of each spectrum.
The band width is set to 8 Hz.

rapidly after eye closure but reaches its maximum a bit later when the center frequency has already
started to decrease. After 15 seconds when the eyes are opened a rapid decrease in alpha band
power is observed for subjects 1 and 2. For subject 1 the power seems to start decreasing before
the eyes are opened which may be due to expectation or anticipation of the upcoming stimuli [47].
For subject 3, on the other hand, the alpha rhythm power has already been attenuated during eyes
closed period.
Finally, the Kalman smoother spectrum estimation method was tested with ERS samples
showing short period changes in the alpha rhythm. The results for one such sample are shown
in Fig. 7. In order to prove the capability of Kalman smoother method to detect short power
changes, a simple alpha detection procedure was applied. First of all, the variation of power within
alpha band was calculated by integrating the Kalman smoother spectrum over the alpha band
(7–13 Hz). The obtained power variation is shown in Fig. 7 (a). Then, the original EEG signal
was divided into epochs for which the alpha band power was greater/smaller than the selected
threshold of 5 µV 2 /Hz. At last, the epochs for which alpha power was greater than the threshold
and the epochs for which it was smaller were concatenated and traditional FFT based spectrum
estimates were calculated for the resulting signals [Fig. 7 (b)]. The results verify the absence of
alpha rhythm in the other concatenated signal and, therefore, shows the applicability of Kalman
smoother spectrum estimation method in case of short period EEG changes.
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Figure 6: Average variation of the center frequency and band power of the alpha band for
the three selected test subjects. Median values over 19 ERS/ERD samples ( ), estimated
trends ( ), and 50 % confidence intervals (- · -) are presented. Stimulus occurrence times (0
and 15 seconds) instructing subjects to close and open their eyes are marked on the top.
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Figure 7: The performance of the Kalman smoother spectrum estimation method on EEG
data with short period changes in alpha rhythm. (a) The EEG data measured in eyes
closed state, corresponding Kalman smoother spectrum, and the power variation within the
alpha band. (b) FFT based PSD estimates for the signals obtained by concatenating the
EEG epochs where the detected alpha band power was greater ( ) or smaller ( ) than 5
µV 2 /Hz.
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Discussion

We have applied the Kalman filtering algorithm along with a fixed-interval smoother to tracking
of nonstationary EEG. As already mentioned, the Kalman filter has been used in EEG analysis
in e.g. [26, 27, 28, 29]. Kalman smoother, on the other hand, has not been previously used for
analysis of EEG. Compared to other adaptive algorithms, such as RLS or LMS, the most significant
benefit of the Kalman smoother is the avoidance of the time-lag in the estimates. In addition, due
to the properties of parametric spectral estimation methods, the frequency resolution of Kalman
smoother is better than of the classical FFT-based methods.
In this paper an autoregressive moving average model was used as a model for nonstationary
EEG. ARMA model has more degrees of freedom than AR model and has, therefore, better ability
to generate diverse spectral shapes. The shape of the spectrum also depends on the selected model
orders. Too low a model order may result in a too smooth spectrum and, on the other hand,
too high a model order may produce spurious components in the spectrum. Several model order
selection criteria have been proposed for the stationary case [23], but they can hardly be applied
to the time-varying case. However, based on our experience, the ARMA model of order (6,2) is
suitable for modeling nonstationary EEG.
One problem in terms of application is how to set the state noise covariance coefficient adjusting
the adaptation speed of the Kalman smoother. In the selection of this coefficient a trade-off between
the adaptation speed and the estimate variance need to be done. In other words, the improvement
in the tracking properties is achieved with the expense of the increased estimate variance. In this
2
= 0.0003 for the update coefficient. The selection was made based on
paper we have used a value σw
the conducted realistic EEG simulation and on the visual inspection of the estimates for real EEG
data. Generally, the initialization of adaptive algorithms is a widely studied fundamental problem.
In the case of EEG, probably the first attempt for an approach to find an optimal update coefficient
for Kalman filter was made in [27]. However, there is no universal solution for this problem. The
measurement noise covariance coefficient, on the other hand, was set to σ e2 = 1. This selection
2
is not, however, essential since only the ratio σe2 /σw
has effect on the estimates. Furthermore,
the inital guesses for the state θ0 and error covariance Cθ̃0 only affect on the convergence time of
the algorithm and, therefore, are not essential when sufficient amount of data before the point of
interest is available. Here, θ0 was set to zero and Cθ̃0 equal to identity matrix.
The results of tracking the ERS/ERD dynamics for the three test subjects were presented in
Figs. 5 and 6. In addition, the applicability of the Kalman smoother spectrum estimation method
in case of short period power changes was shown in Fig. 7. The main benefit of the presented
method over the traditional ERS/ERD quantification based on bandpass filtering is the improved
frequency resolution. Using the Kalman smoother approach the “squeak” effect of alpha rhythm
seen in Fig. 6 for averaged estimates can be observed even from single sample spectrum estimates
(see Figs. 4 and 5). With the classical spectrogram, on the other hand, this effect can not be
observed from a single sample due to the poor time-frequency resolution. However, by averaging
spectrograms of several consecutive ERS/ERD samples the “squeak” can be observed. The shortterm “squeak” effect can not be observed from the RLS or LMS spectrums either because of the
unavoidable tracking lag.
Although “squeak” effect per se has been suggested as clinically meaningless [48], the accuracy
and usability of the Kalman smoother in the spectral analysis of event-related EEG changes makes
it a promising analysis method for e.g. cognitive ERD/ERS experiments. The high time-frequency
resolution of the Kalman smoother could enable the spectral analysis of single ERD/ERS samples.
This property is crucial in some cognitive tasks were the transition can not be assumed to recur
alike from time to time and, therefore, averaging of all trials would not be an optimal analysis
method.
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